Abstract: This paper presents a unified analysis of the mixed radio-frequency (RF)/freespace optics (FSO) relaying system, with multiple variable-gain amplify-and-forward relays. The partial relay selection (PRS) is employed to select the active relay for further retransmission. Due to fast fading statistics of the first RF hop, it is assumed that the channel state information of the RF link is outdated, which is used for both the relay gain adjustment and the PRS procedure. The RF hops are subject to the Rayleigh fading, while the FSO hop is affected by the atmospheric turbulence and the pointing errors. The intensity fluctuations of the optical signal caused by atmospheric turbulence are modeled by the general Málaga (M) distribution, which takes into account the effect of multiple scattered components. An exact expression for the outage probability is derived. In addition, high-signal-to-noise-ratio approximations are provided, which can be used to efficiently determine the outage probability floor. Numerical results are validated by Monte Carlo simulations, which are used to examine the effects of the system and channel parameters on the RF/FSO system performance.
Introduction
In order to ensure and support demanding multimedia services and applications in the future 5th generation wireless networks, introducing and/or combining already existing communication technologies with the novel ones is required. Since the optical fiber implementation is proved to be quite complicated and expensive in some areas, research interest in optical wireless technology has become renewed due to many useful benefits. Free-space optics (FSO) represents outdoor link, which uses infrared band and provides high bandwidth capacity and operation in licence-free unregulated spectrum, with very easy and low-cost implementation and repositioning possibility [1] - [4] .
The FSO signal transmission via atmospheric channel is seriously affected by few phenomena, such as the atmospheric turbulence and the misalignment between FSO transmitter and receiver (pointing errors) [1] , [2] , [5] , [6] . Furthermore, aggravating requirement for the FSO system application, is obligatory line-of-sight (LOS) existence between FSO transmitter and receiver. Some environment scenarios, such as difficult terrains and crowded urban streets, make very hard or even impossible to provide LOS component in wide areas. For that reason, utilization of the relaying technology within FSO systems has been proposed to realize coverage area extension where LOS cannot be achieved. In [7] , a mixed dual-hop amplify-and-forward (AF) relaying system, which is composed of radio frequency (RF) and FSO links, has been proposed, providing an convenient way to enable multiple RF users to be multiplexed via a single FSO link, and to simultaneously use FSO as a last mile access network. The performance of the mixed RF/FSO system with fixed AF gain relay was analyzed in [7] - [12] , while the RF/FSO system with variable AF gain relay was observed in [12] - [17] .
In order to ensure further improvement of the system performance, implementation of multiple relays within FSO systems has been also investigated in [18] - [20] . The idea of utilization of multiple relays within mixed RF/FSO system has been proposed in [21] . The study in [21] was concentrated on the RF/FSO system with multiple fixed gain AF relays, while partial relay selection (PRS) procedure was employed to choose active relay for further transmission. The PRS technique, firstly presented in [22] , represents the effective and low-cost technique since relay selection is proceeded based on single-hop instantaneous channel state information (CSI), avoiding additional network delays and achieving power save. In [21] , the outage probability expressions were derived, assuming the first RF hops experience Rayleigh fading, and the second FSO hops are influenced by Gamma-Gamma (GG) atmospheric turbulence. Further, the same RF/FSO system with fixed gain AF relays was analyzed in [23] , while the outage probability expression was provided for the case when the pointing errors effect was taken into account. Additionally, [24] , [25] considered RF/FSO system with fixed gain AF relays taking account aggregate hardware impairments.
In contrast to [21] , [23] - [25] , which assumed fixed AF gain relays, this paper analyses the PRS based multiple RF/FSO system with variable AF gain relays. The main contribution of the paper is to provide exact expression for the outage probability, considering that the optical signal intensity fluctuations due to atmospheric turbulence are modeled by general Málaga (M) distribution, which takes into account multiple scattering effects and represents more general model compared to GG distribution [14] , [20] , [26] , [27] . In addition, the pointing errors are taken into account [8] , [28] - [30] . Assuming that the RF signal transmission from source to the relay station is performed in frequency range from 900 MHz to 2.4 GHz, due to fast fading statistic, the estimation of the RF channel is happened to be imperfect, so the outdated CSI is used for both relay selection and relay gain regulation. The first RF hops are introduced since the LOS is not provided in that area, so the RF links are assumed to be subject to Rayleigh fading. In practical system scenario, it can be possible that the relay with best estimated CSI is not able to forward the signal. This problem is also taken into consideration in [31] . A novel outage probability expression is derived, which is further simplified to some special cases. Approximate outage probability expressions are also provided, which are utilized to determine the outage probability floor. Furthermore, as a special case when only one relay is assumed, the outage probability expression is simplified to the corresponding results already reported in [15] . Based on derived analytical expressions, numerical results are obtained and validated by Monte Carlo simulations, which represent widely used computing algorithms performed to obtain and confirm numerical results by generating repeated random sampling.
The rest of the paper is organized as follows. Section 2 presents the system and channel model. The outage probability analysis is described in Section 3, which also contains some special cases and approximation expressions. Numerical results and simulations with discussions are given in Section 4. Some concluding remarks are presented in Section 5. Fig. 1 presents the mixed RF/FSO system with multiple variable gain relays. The observed system consists of a source, S, a destination, D , and M ≥ 1 relays. The node S continuously monitors and periodically estimates the conditions of the S − R RF channels. The node S selects the active relay R l , which is the one with best estimated CSI of the hop between source and relay. In the case the best selected relay is not able to perform further communication, next best relay is chosen, etc. In other words, the l th worst or (M − l)th best relays is selected [31] .
System and Channel Model
The RF hops are considered in the first part of the system since the LOS component is not provided in that area. For that reason, Rayleigh distribution is assumed to describe the RF channel fading conditions. In practice, temporal variations of the RF channel occur. Hence, the errors in channel estimation can happen, and the estimated CSI used for relay selection is not the same as the one at the time when transmission is performed. It means that the channel estimation at the relay is imperfect, and PRS is performed based on outdated CSI. Since variable relays are employed, the gain is determined based on short-term statistics of the RF hops. In order to avoid additional channel estimation, the outdated CSI used for relay selection is also utilized to adjust relay gain.
In the first phase of the transmission, after selection of the active relay, R l , signal is transmitted over RF link. Received electrical signal at the relay R l is defined as
where r denotes the signal with an average power P s , sent from the node S. The fading amplitude over the RF link is denoted by h SR l , with E[h
is mathematical expectation ). An additive white Gaussian noise (AWGN) with zero mean and variance σ 2 SR is denoted by n SR . Signal at the relay is amplified by gain G based on outdated CSI, which is defined as [15] , [32] 
whereh SR l represents the estimated version of h SR l . In the next phase, amplified signal is converted to the optical one by subcarrier intensity modulation. DC bias is added to satisfy the non-negativity constraint. The optical signal at the relay is defined as
where P t represents the average transmitted optical power, m denotes modulation index (m = 1), and r R l is defined in (1). Optical signal is further forwarded to the destination via atmospheric turbulence channel. At the destination, direct detection is done, DC bias is removed, and an optical-to-electrical conversion is performed via PIN photodetector. The received electrical signal is expressed as
where I R l D represents the intensity of an optical signal, and η denotes an optical-to-electrical conversion coefficient. The AWGN over FSO link with zero mean and variance σ 2 RD is denoted by n RD . Following (2) and (4), the equivalent instantaneous overall signal-to-noise ratio (SNR) at the destination is defined as
where
μ 1 represents the instantaneous SNR of the first RF hop with the average SNR defined as
SR is its estimated version; and the instantaneous SNR of the FSO hop is defined as
RF Channel Model
Since the RF hops experience Rayleigh fading, the instantaneous SNR of the first RF hop and its estimated version are two exponentially distributed correlated RVs. Since PRS with outdated CSI is considered, as well as possibility that the best relay is not able to perform transmission and the lth worst (or (M − l)th best) relay is selected, the joint probability density function (PDF) of SNRs γ 1 l andγ 1 l is expressed as [32, eq. (48)]
where ρ is correlation coefficient, 
FSO Channel Model
The intensity fluctuations of the received optical signal, caused by atmospheric turbulence, are modeled by recently presented Málaga (M) distribution [26] - [30] . The pertinence of the M distribution in regard to the ones earlier considered in literature (such as Log-normal, K, GG, Exponential, etc.), is the consideration of the multiple scattering effects [26] . More precisely, presented model includes three components. Beside an one, U L , which occurs due to LOS contribution, there are two more components occurred due to scattering effects: the component which is scattered by the eddies on the propagation axis, U More details about M distribution can be found in [26] . In addition, pointing errors are taken into consideration. The PDF of the optical signal intensity is derived as [30, eq. (5)]
where β is natural number representing the amount of fading parameter, G (α)
with a positive parameter α related to the effective number of large-scale cells of the scattering process. The path loss component is defined by deterministic model as I l = exp(−χd) [5] , where χ denotes the atmospheric attenuation coefficient and d represents length of the FSO link. The parameter ξ is defined as
with the equivalent beam radius at the receiver and the pointing error (jitter) standard deviation at the receiver denoted by a d eq and σ s , respectively. Further, the parameter a d eq is related to the beam radius at the distance d, a d , as a 
. The Rytov variance determines the optical signal intensity due to atmospheric turbulence. It is defined as σ
, where ι = 2π/λ is the wave number with the wavelength λ, and C 2 n is the refractive index structure parameter. Based on definition of the instantaneous SNR of FSO hop, γ 2 l , and the PDF of I R l D in (7), after some mathematical manipulations, the PDF of γ 2 l is easily derived as [30, eq. (7)]
where κ = ξ 2 /(ξ 2 + 1). Based on definition of the moments of the combined model (M distribution + pointing errors) presented in [28, eq. (33) ], the electrical SNR is determined as [30] . The cumulative distribution function (CDF) of γ 2 l is obtained as
Outage Probability Analysis
As one of the most important system performance metric, the outage probability indicates how often the system is under the desired performance threshold. The outage probability, defined as the probability that the instantaneous overall SNR, γ eq , defined in (5), falls below a predetermined outage threshold, γ th , is given by
where Pr (·) denotes probability. After substituting (5) into (13) and applying some mathematical manipulations, (13) is re-written as
whereF γ 2 (·) = 1 − F γ 2 (·) is complementary CDF (CCDF). After substituting (6) and (12) into (14), and mathematical derivation presented in Appendix A, the analytical expression for outage probability is derived as 
Special Cases
If the amount of scattering power coupled to the LOS component is ρ M = 1 (i.e., the average power of the scattering component received by off-axis eddies, g, is equal to zero), and the average power from the coherent contributions is expressed as = 1, the M distribution is reduced to the GG distribution. In that case, the product Aa k is nonzero only when k = β, and based on (8) and (9), it holds Aa k = 2α ( (α) (β)). Hence, the outage probability in (15) is reduced to the one when the FSO hop is influenced by the GG atmospheric turbulence with the pointing errors, as
When the pointing errors are neglected, i.e., ξ → ∞, the FSO hop is only affected by GG atmospheric turbulence. After using [34, 16 .0002.01)] to find the limit of (16) for ξ → ∞, and assuming that the relay with the best estimated CSI is always available (M = l), the result in (16) is simplified to the corresponding one in [35, (15) ].
If system consists of only one relay, the outage probability is derived by substituting M = l = 1 into (15) as
When system consists of only one relay and the second FSO hop is affected by the GG atmospheric turbulence with the pointing errors, the outage probability is derived by substituting M = l = 1 into (16), which represents the result already reported in [15, eq. (23) ].
High SNR Approximations
When the value of the electrical SNR of the FSO link is very high, the outage probability for any value of μ 1 can be derived by taking the limit of (15) 
When μ 1 tends to infinity, the third addend in (15) (1−ρ)μ 1 = 1, the high average SNR approximation is obtained as
Based on (18) and (19), the outage probability floors can be efficiently calculated. The meaning of outage floor is that the further increase of the signal power will not improve system performance, which will be illustrated in the next Section. Since the approximation in (19) is represented in the infinite series form, the simpler outage probability approximation when μ 1 tends to infinity is obtained by considering only the first term of infinite summation in (19) as
This approximation is valid only in certain conditions. Since the infinite series in (19) originates from the representation of the modified Bessel function of the first kind into a series form (see Appendix A), the approximation in (20) is valid when the argument of I 0 (.) tends to zero, i.e., for lower values of ρ.
Numerical Results and Simulations
In this Section, numerical results obtained by derived outage probability expressions are presented. In addition, Monte Carlo simulations are provided to confirm the accuracy of the derived expressions. The second FSO hop is influenced by the M-distributed atmospheric turbulence channel when the pointing errors is taken into account. Based on [1] , the intensity of atmospheric turbulence is determined by the Rytov variance, previously defined as σ
, with the refractive index structure parameter, C 2 n , varying in the range from 10 −17 to 10 −13 m −2/3 . In this paper, the values of the parameters are taken from [26] - [28] , which are determined by some experimental measurements. The FSO link is assumed to be 1 km long, and the wavelength employed in optical second hop is 785 nm. In addition, the average optical power of the FSO hop is normalized, i.e., + 2b 0 = 1( = 0.5, b 0 = 0.25), and φ A − φ B = π/2. The pointing errors strength is determined by the normalized jitter standard deviation, σ s /a, where the radius of a circular detector aperture takes a value a = 5 cm. Further, the value of the optical beam radius at the waist is a 0 = 5 cm, and of the radius of curvature is F 0 = −10 [6], [23] . The value of the outage threshold is γ th = −10 dB. Fig. 2 presents the outage probability dependence on μ 1 = μ 2 when the relay with the best estimated CSI is able to perform further transmission (l = M ), as well as when all except the one with worst estimated CSI are unavailable (l = 1). The atmospheric turbulence intensity is determined to be σ 2 R = 0.36 and C 2 n = 0.83 × 10 −14 m −2/3 , based on experimental measurements performed in University of Waseda, Japan, on the 15th October, 2009 (see [28] ). For the same Table 1 ). Since the intensity of the turbulence is the same, in Fig. 2 the value of the parameter ρ M , representing the amount of the scattering power coupled to the LOS component, defines the outage probability performance. Greater values of ρ M reflect in improved system performance, meaning that the average power of the scattering component U G S , g, is lower. In fact, when ρ M = 1, it holds that g = 0, i.e., total scattering power is related to the component U C S . This case implies that the atmospheric turbulence is modeled by GG distribution, which does not take into consideration the scattering component received by off-axis eddies. Lowering the value of ρ M , the average power g is greater and the scattered component U G S has greater impact on the system performance. Furthermore, it is expected that the outage probability is lower when the selected relay is the one with best estimated CSI.
The outage probability dependence on the electrical SNR of the FSO hop for the same intensity of the atmospheric turbulence is presented in Fig. 3 . Different values of the amount of the scattering power coupled to the LOS component, ρ M , and the correlation coefficient, ρ, are assumed. Greater values of the parameter ρ mean that the outdated CSI, used for PRS and relay gain determination, and actual CSI of RF link at the time of transmission, are more correlated, leading to the better system performance. The impact of ρ M on the outage probability is more expressed when the value of ρ is greater. When the correlation coefficient is lower, the RF channel conditions are worse, and the impact of the scattering conditions of the FSO hop on system performance is lower.
In addition, the results obtained based on the high SNR approximation in (19) , are also presented in Fig. 3 . When the average SNR over RF link is very great, the outage probability floor exists, and further increase in signal power at the source node will not result in improved system performance. The results obtained by (19) are overlapped with the results achieved by (15) for greater μ 1 . Further, the outage probability floor occurs at lower values of μ 1 when ρ or ρ M is lower. Fig. 4 shows the outage probability dependence on μ 1 for different values of parameter ρ. The atmospheric turbulence is determined by the Rytov variance and the refractive index structure parameter given in Table 2 . As expected, system performs better in weak turbulence conditions. Further, the correlation effect on outage probability is more pronounced when the second FSO hop is influenced by weak atmospheric turbulence.
The high SNR approximation results obtained based on (20) are also provided in Fig. 4 . The outage probability floor is present for great values of μ 1 , which is in agreement with the curves obtained based on (20) , but only when the correlation coefficient is low. The impact of the pointing errors strength on the outage probability is depicted in Fig. 5 , assuming different values of parameter ρ. System has better performance when the normalized jitter standard deviation is lower, meaning that the alignment between transmitter laser at the relay and receiver telescope at the destination is very good and the pointing error is low. The impact of the correlation on the overall outage probability is more prominent when the pointing error is low.
In addition, the outage probability floor exists for great values of the electrical SNR over FSO link. Further increase of the optical power will not improve system performance. This outage probability floor is in agreement with the high electrical SNR approximation results obtained, based on (18) . As it can be concluded from both (18) and Fig. 5 , this outage probability floor is not dependent on the FSO channel conditions, but only on RF channel parameters. With increasing the electrical SNR over FSO link, the curves for σ s /a = 1, σ s /a = 5 and σ s /a = 6 when the correlation coefficient is the same, will overlap. Fig. 6 presents the outage probability dependence on jitter standard deviation. In accordance with the conclusions from Figs. 4 and 5, the effect of correlation has more influence on the outage probability in weak atmospheric turbulence condition and when the pointing error is low. In addition, the pointing errors effect is more dominant when the optical signal transmission suffers from weak atmospheric turbulence.
The usefulness of the multiple relay implementation within RF/FSO system in regards to various atmospheric turbulence and pointing errors conditions is presented in Fig. 7 . The greatest SNR gain is accomplished by using PRS with two relays in regard to one relay. Also, when the FSO hop suffers from damaging conditions (strong atmospheric turbulence or intense pointing errors), the multiple relays implementation within RF/FSO system will not provide significant system performance improvement. 
Conclusion
This paper has presented the outage probability analysis of the mixed multiple AF relying RF/FSO system. Contrary to previous published studies, this system has employed the variable gain AF relays, and the selection of the active relay is performed based on PRS procedure. The RF links experience the Rayleigh fading environment, which is characterized by fast fading statistics. For that reason, the outdated CSI of the RF channel is used for PRS and relay gain determination. The intensity fluctuations of the optical signal are assumed to originate from Málaga (M) distribution, as well as from pointing errors. The outage probability expression is derived, and simplified to some special cases previously reported in literature. Approximate high SNR expressions are also provided.
Based on derived expressions, numerical results have been presented and confirmed by Monte Carlo simulations. The effects of system and channel parameters have been examined. The existence of the outage probability floor has been observed, which is an important limiting factor of the RF/FSO system. The outage floor can be efficiently calculated by derived approximate expressions in high average/electrical SNR region. It has been illustrated that the outdated CSI used for relay gain adjustment and PRS procedure can seriously determine the outage probability performance, particularly when the optical signal transmission via FSO hop is endangered by favorable conditions (weak atmospheric turbulence in the mid-day, very low average power of the scattering component received by off-axis eddies, and/or weak pointing errors). Furthermore, the pointing errors phenomenon is more important to the system performance, when transmission is performed via weak atmospheric turbulence conditions.
As the most significant conclusion obtained by presented analysis and results, we have concluded that the implementation of multiple relays within RF/FSO system will not provide important performance improvement compared with the costs and difficulty of implementation when the optical signal transmission via free space in the second hop is impaired by harmful conditions, such as strong atmospheric turbulence or expressive misalignment between FSO apertures.
